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Statistical Mechanics Subject Exam
December 13th, 2019

Do not write your name on the exam.
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You do not need to explicitly evaluate ζ(m) or Γ(m) if these show up in your
solutions.
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1. Consider a three-dimensional cubic box containing N indistinguishable par-
ticles that can either be in the internal volume of the box or adsorbed onto
the surface of the box. The box is immersed in a medium with temperature
T. Assume the particles both in the three-dimensional volume and on the
two-dimensional surface are non-relativistic and obey Boltzmann statistics (i.e.
they behave like an ideal gas). The box has sides of length L and there are N2
particles on the surface of the box and N3 in the volume.

(a) (10 pts) Calculate the canonical partition function for the particles in the
volume of the box and the canonical partition function for the particles
on the surface of the box.

(b) (5 pts) For a given T, N, and L, find an expression for the number of
particles in the volume. At what temperatures are most particles in the
volume?
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Extra room for problem 1.
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2. (10 pts) Consider a zero temperature gas of N spin-half non-relativistic Fermions
in a box of volume V. If there is a hole in the side of the box with area A, what
is the average energy of particles escaping from the box? Write your answer
in terms of N, V, and the particles mass m (as well as constants).
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Extra room for problem 2.
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3. (10 pts) Given the D-dimensional Landau-Ginzburg free energy

βF =
∫

dDx
[
tm2 + um6 −mh

]
,

find the critical exponents β and γ, where |m| ∝ |t|β for t < 0 and (∂m/∂h)h=0 ∝
|t|−γ.
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Extra room for problem 3.
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4. Consider a non-interacting, spin-zero gas of Bosons with the dispersion rela-
tion ε(~p) = a

√
|~p|, where ε is the single-particle energy and a is a constant.

(a) (10 pts) Find the critical temperature for Bose condensation in three-dimensions
in terms of the particle density.

(b) (5 pts) Is there a lower critical dimension for Bose condensation for this
gas? Justify your answer.
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Extra room for problem 4.
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5. Consider a one-dimensional chain of N coupled oscillators with length L ori-
ented in the x-direction that can move in the y and z directions. In the low-
frequency limit, there are two transverse modes that have dispersion relation
ω = csk where ω is the wave frequency, k is the wave number, and cs is the
transverse sound speed.

(a) (5 pts) Calculate the Debye frequency, ωD for this system.

(b) (5 pts) What is the specific heat of the system for T � h̄ωD?

(c) (10 pts) What is the specific heat for T � h̄ωD? You do not need to
explicitly evaluate any constant integrals, just note they are constant.
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Extra room for problem 5.
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6. (a) (5 pts) Prove the relation(
∂S
∂P

)
T,N

= −
(

∂V
∂T

)
P,N

.

(b) (10 pts) Show that the adiabatic compressibility is related to the isother-
mal compressibility by the following relation,

κS = κT −VT
α2

P
CP

,

where κX = −V−1
(

∂V
∂P

)
X,N

, αP = V−1
(

∂V
∂T

)
P,N

, and CP = T
(

∂S
∂T

)
P,N

.
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Extra room for problem 6.
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Short Answer Section

7. (4 pts) Consider a system described by the Landau-Ginzburg free energy

F =
∫

d3x
[

t
2
~m · ~m + u(~m · ~m)2 +

κ

2
(∇~m)2

]
(1)

where ~m is a two-component order parameter. Circle the following statements
that are true:

(a) This Hamiltonian possesses a discrete symmetry in m.

(b) This Hamiltonian possesses a continuous symmetry in m.

(c) When this system is taken below it’s critical temperature, domain walls
will appear.

(d) When this system is taken below it’s critical temperature, Goldstone modes
will appear.

8. (1 pt) Two systems that belong to the same universality class have the same
(circle all that are true)

(a) critical exponents

(b) critical temperature

(c) interparticle interaction

(d) order parameter

(e) symmetries of the order parameter

9. (2 pts) A solid, impermeable container, which has two chambers separated
by a impermeable but flexible membrane, is placed in a room with temper-
ature T and allowed to equilibrate. If the entropy of the gas can be written
as S(E, NA, NB, Vtot, X) where Vtot = VA + VB and X = VA/Vtot, which of the
following is/are true? (VA and VB are the volumes of the two chambers in the
box)

(a) The total entropy of the box and room is maximized.

(b) The total Helmholtz free energy of the gas is minimized.

(c) The total Helmholtz free energy of the gas is maximized.

(d) The total Gibbs free energy of the gas is minimized.
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(e) The total Gibbs free energy of the gas is maximized.

(f) The total Grand potential of the gas is minimized.

(g) The total Grand potential of the gas is maximized.

10. Consider a system containing two indistinguishable spin-1 Bosons with three
spin-independent single-particle energy levels −ε, 0, and ε that is thermalized
at temperature T. (2 pts each)

(a) What is the average total energy when T = 0?

(b) What is the entropy when T = 0?

(c) What is the average total energy when T → ∞?

(d) What is the entropy when T → ∞?
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